APS/123-QED 

Quasi-coherent state of pions in the nucleon 

Masanori MorishitsQ and Masaki Arim£0 
Department of Physics, Osaka City University, Osaka 558-8585, Japan 

(Dated: February 1, 2008) 

Abstract 

Making use of the quasi-coherent state developed by Eriksson et al, we can find a nucleon 

"cn" 

' solution accompanied by the pion field with trivial topology. We compare our approach with other 

o ■ 

CN ' related works, and examine a coherent state description of pions in the baryon structure. Our 

solution suggests a kind of nucleon resonance due to the topological change of pion field without 
' the usual quark excitation. 
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I. INTRODUCTION 



The pion has been accepted as one of the fundamental degrees of freedom in the hadron 
physics. The effective theories for the baryon structure, in which the broken chiral symmetry 
is taken into consideration, provide strong couphng and nonhnearity to the pion. Many 
efforts have been made to deal with these nonperturbative features in order to reveal a pion 
contribution to the baryon structure. 

A possible approach is the coherent state description for the pion field. This approach is 
traced back to the intermediate coupling approximation developed and succeeded in several 
applications in the particle and condensed matter physics Jl|,j3- The idea of the coherent 
state has been already exploited in the hedgehog ansatz 3|, \^ and the coherent pair ap- 
proximation (CPA) jslly]. The hedgehog ansatz especially is capable of reproducing ground 
state properties of the nucleon ^ ^. 

However the coherent state has not been fully examined yet. The hedgehog ansatz is not 
a necessary condition for the pion field interacting with other constituents, although this 
ansatz is responsible for assigning the baryon number to the Skyrmion 3, 0]. As for the 
CPA, its theoretical foundation is not clear since the spin-isospin symmetry is respected in 
an intuitive manner. 

Furthermore, a problem concerning the isospin symmetry of the pion is inherent in the 
coherent state description. The two assumptions stated above are closely related with this 
problem. The customary method of making the coherent state breaks the isospin symme- 
try. Eriksson et al. managed to obtain the isospin-conserving coherent state for the pion 

n 

field, wMch . called the ,ua=i-cohe.ent =tate (QCS) 3). by u.ng the PeW^Yoccoz (PY) 

projection operator {10|. 

Now we try to utilize the QCS for studying the pion properties in a baryon without holding 
on the hedgehog ansatz or the CPA. In this paper we calculate the ground state mass of the 
nucleon in the linear sigma model, employing the QCS for the pion field. Throughout our 
discussion we cornpare our approach with the works related with the coherent state, i.e. the 
hedgehog ansatz and the CPA 0, . 

In Sec. n] we introduce the standard coherent state for the pion field and construct the 
QCS in a general form. In Sec. IIIIl after a brief comment on the linear sigma model for the 
nucleon, we make a nucleon state from the quark, sigma, and pion states. Sec. HXlis devoted 
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to explaining the variational calculation for the nucleon mass. There we comment on our 
assumption for the pion distribution function. In Sec. we compare the nucleon mass 
calculated by using the QCS with those obtained by the CPA and the hedgehog ansatz. 
We carefully discuss similarity and difference among these models, taking notice on the 
pion distribution in each model. Finally summary and our future perspectives are given in 
Sec. EH 



II. QUASI-COHERENT STATE 



The standard coherent state |n) for the pion field is defined by 

a,(k)|n) = /,(k)|n) , 



(1) 



where ai(k) (a|(k)) is the annihilation (creation) operator with the momentum k and the ith 



isosp in component, satisfying the commutation relation aj(k),aj(k') = 5jj5^(k — k'). The 
complex function /i(k) determines the pion distribution. Explicitly |n) is given by (apart 
from the normalization factor) 



|n) = exp 



|0) 



(2) 



where the dot represents the scalar product in the isospace. 

For our later use, we introduce the spherical representation of a|(k) 



film 



{k) 



lY dkYUk)aUk) 



where k denotes the direction of k, and /i takes ±1 or with the definitions 

diik) = [d{{k) ± (k)] , at (k) = aj(k) . 



(3) 



(4) 



By expanding the distribution function as ffi{k) = J2{~'^y ffiim{k)Yira(k) , Eq. ^ becomes 



|n) = exp 



dkj2i-rf-fiim{k)dijk) 

film 



|0) 



(5) 



Because |n) is not an eigenstate both of the spin and isospin operators, we extract an 
eigenstate with the isospin (T, u) and the angular momentum (L, M) from |n) by using the 
Peierls-Yoccoz (PY) projection |lfll |. 



\f;TiJ.u;LMK)^P;^,P^^\U) 



(6) 



is the PY operator for the isospin, 

Pj,= I dg Dl:{g)R{g) , (7) 



where Dj^*{g) is the rotation matrix and g represents the Euler angle in the isospace. 
The measure is defined as j dg = 1. In Eq. ((7j), the factor 2T + 1 is dropped from the usual 
definition for brevity. Similarly is for the angular momentum, 

Pmk = J dhDl;Mm . (8) 

The Euler angle in the coordinate space is represented by h. Reference first introduced 
Eq. ((Tj) and called it the quasi-coherent state. 

Note that the indices u and K are redundant in Eq. (jH)) because there is no 'intrinsic axis' 
for the pion distribution. In fact the states © are orthogonal with respect to the indices 
(T, /i) and (L, M), but not to v and K. We take a linear combination 13[ 

\f;Tfi;LM) = J2CuK\f;Tfiu;LMK) , (9) 
and we consider Eq. (jH)) as a pion state in our calculation. 



III. HAMILTONIAN AND NUCLEON STATE 

We consider the static Hamiltonian corresponding to the linear sigma model, 

n = no + ni. (lo) 

Hri is 



Ho = V^(r)^(-2a-V)^(r) + ^ P,(r)^ + Va(r)^ +^ P,(r)^ + V7r(r)^ , (11) 
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where ip is the massless quark field, and a {Pa) and tt (Pn) are the sigma and pion fields (their 
conjugate fields), respectively. The meson-quark interaction and meson self-interaction are 
included in 

Hi = G^(r)[a(r)+^75T-7r(r)]^(r) 

+ ^ [^(r)' + -(r)^ mlU [^(r) - A] " ^ , (12) 
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where G is the couphng constant, the pion mass, and /,r the pion decay constant. The 
parameter v and the self- interaction strength A is related to m^, and the sigma mass ma 
as = fl - mllW \^ = {ml - m^)/(2/^2). 

We consider the ground state baryon in this work, and assume that all quarks are in the 
lowest s-wave. We expand the quark field as 

^(^) = Yl + {^\f^^)*dlm) , (13) 

fim 

where rf^m annihilates the quark with the isospin fi and the spin m. The quark spinor is 
written as 

XmCt, , (14) 

iv{r)a ■ r I 

where Xm is the two-spinor, and C/i the isospinor. 

Since the quark excitation is not considered, the sigma meson always remains in the s- 
wave through the scalar interaction in Tii . And only the p-wave pion can interact with the 
quark through the pseudoscalar interaction. The meson fields are expanded in the spherical 
representation as 



air 



-Mkr)[c{k)+c\k)]Y*,if) , (15) 
VTTu;^ 

/ -^T.3iikr) [i-r'-a.,,.Uk) + al^ik)] YUr) , (16) 

Jo Jt^^-k ^ 



where uj^ = ^/k"^ + ml, uj^, = ^/k'^ + m^, and ji{kr) is the spherical Bessel function. The 
annihilation operator for the s-wave sigma field is denoted by c(fc), and a.^im(^) is simply 
written as d^m{k). 

We consider that a nucleon state is composed of quark, pion, and sigma states as in 
Refs. 0,0]. Following the usual prescription in the constituent quark model jl^, we make a 
three-quark state with the spin-isospin 1/2 denoted by |3q; A^) and that with 3/2 by |3q; A). 

The standard coherent state description is used for a sigma meson state, 

|E) = exp 1^ dkP [vikyc{k) - ri{k)c\k)] | |0) , (17) 

which satisfies the standard definition, c{k)\T,) = r]{k)\T,). The complex function ri{k) 
represents the momentum distribution. 
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Employing the QCS for the pion state explained in the last section, we write down the 
nucleon state as a linear combination with the coefficients a, (3, and 7, 

\N) = («|3q;iV)|/;00) + /3[|3q;iV)®|/;ll)]5^+^[|3q;A)®|/;ll)]^^)|S) , (18) 

where |/; 00) (|/; 11)) means the QCS with T = L = {T = L = 1). We obtain the deha 
state I A) with the spin-isospin 3/2 by interchanging |3q; A^) and |3q; A) in Eq. (fTHj) . 



IV. CALCULATION 

We calculate the expectation value of if = J d^rH by the variational method, 

6 S^{N\H\N) - E{N\N) - Une drr^ [u{rf + v{rf]^ = , (19) 

where the Lagrange multipliers E and e are introduced to normalize |A^) and the quark 
wave function, and E corresponds to the nucleon mass. We notice that the QCS Q is 
not normalized and its norm depends on //^(k)- The variation is taken with respect to the 
coefficients a, (3, and 7, and also to the quark and meson fields. Then we obtain the energy 
eigenvalue equation for the coefficients and the differential equations for the fields. 

Here we consider the pion distribution /^(k). If there is no apparent correlation be- 
tween the isospin and coordinate spaces, we can write the p-wave component of /^(k) as 
—if^o{k)YiQ{k), taking into account the axial symmetry of Ti. Further we assume that all 
the three components have the same momentum dependence for simplicity: /^o(^) = fti^{k), 
where is a constant vector in the isospace and C,{k) is a real function of k. This simplest 
form we choose here should be compared with other choices such as the hedgehog form. We 
discuss this point further in the next section. 

We do not take the variation with respect to C,,k introduced in the QCS (9) because 
these coefficients are related with Let us consider, for example, the matrix element of 
the pion kinetic energy ii^ = f d^kuT^a'^ (k) ■ a(k) between the QCS (9), 

(/;T/i; LM\H^\f;Tfi;LM) 



J2 C:'oC.o/v/a dgdhDX{9)Dlr,{g)Dl*{h)DUh)F{g,h) / dkk'uj^m' 

v'uX'X "^0 



(20) 
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where only C^k with = appears because of the axial symmetry of /^(k). The function 
F{g, h) is defined as 



p'p 



(21) 



F(fif, h) = exp 
where the norm integral is given by 

POO 

s= dkk^^ikf . (22) 







We notice that s is not a pripri normalized as s = 1. Here we consider the vector which 
is related with through the Euler angle g' as = J2u^pl(9')fu- With this Eq. 
becomes as 



■'VA'A 



X dgdhDllMDlU9)Dll{h)Dl,{h)F\g,h) dkk^uj^m\ (23) 





where C^q = CaQD\^{g'), and -F"(5f, /i) is obtained from Eq. (j2H) by exchanging with 
Equations (j^UI) and show that the matrix element is invariant with respect to the 
simultaneous rotation of and C^o in the isospace. Because this is also the case for all 
other matrix elements, we take the spec.a. value and vary the direetion of 

We write the matrix elements of H following Refs. |fiL 

/"OO 

{N\H\N) = At: / drr^ [a'E^^ir) + (3^Epp{r) + 7^^77(0 + 2a/3^„/3(r) + 2a^E^^{r)\ (24) 
Jo 

where Eaji = Epa, E^-y = E^a, and Ejs^ = E^p = 0. The energy densities Eij are expressed 
in terms of the quark fields and the meson fields cr{r), (j){r) (and 0p(r)) defined as 

a(r) = 2 / ^j,(kr)[vik)+v*ik)] , (25) 
Jiikr)ak) , (26) 



1 r°°dkk^ 



2tx Jq ^fuj, 

c2 poo poo 



dr'r'^ / dkk^ujji{kr)ji{kr') 0(r') . (27) 
Jo 



The diagonal parts are 



Eu{r) = E,{r)4 + 20^ rC^ + (a^ - fl) 0^ n^* + , (28) 
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where i — a, and 



2 2 
H — V 



) 



(29) 



where n^* (/c = 0,1,2,3) represent the integrals with respect to the Euler angles gf, h. The 
off-diagonal parts are 

E^j{T)^-gC^jUv4>n''' , (30) 

where j = /9,7, and Cq,/? = 10/\/3, = 8-^2/3. The explicit forms of n^* and n"-' are 
summarized in Appendix. 

The norm of \N) is expressed in terms of as 



(31) 



We determine the mixing coefficients a, /3, and 7 so that {N\N) — 1. 
The differential equations for the quark and meson fields are 



du 

dr 
dv 

dr 
fa 

dr 



dr"^ 



-{Ga + e)v- -GaSN u(j) n"^ , 
3 

2 2 

— V — {Ga — e)u + -Ga6N v(f) n""^ , 
r 3 

JJ^ + 2>G{u'-v') + \' {a'-fl)a + ml{a-U) 
r dr 

+2AV^ (^/ • / + iiV.^ , 

2d(t) 2 ^ 2 
— — + -^(p + m^(l) 

r dr 
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s 1 
-G a — n"'^ uv - E (j)p + — (f)p 'd{a, (3, 7, m, v, ct, 0, s, /^) , 



(32) 
(33) 

(34) 



(35) 



where 5n = (5^ + 4v^7)/v^, and iV^ = a^n"" + (/9^ + 7^)nf'^ is the expectation value of 
the pion number operator. The explicit form of is not exhibited here because it is lengthy 
but its derivation is straightforward. 
The boundary conditions are 



da 
dr 



0, ^;(0) = 0, 0(0) = 0, 



(36) 



r=0 



and for r ^ oo 

[rig^f^-e'Y/^ + l]u-r{gU + e)v = 0, 

(2 + 2m^r + rn?r'^)(j) + (r + m^r^)^ = , 

ar 

(l+m.r)(a-/J + r^ = 0. (37) 

We calculate the nucleon mass by solving the differential equations with the bound- 

ary conditions (IHHll . (IHTIl by the iteration procedure. 

Before finishing this section, we comment on the CPA for the pion field |6|,lll|. We found 



some errors in Refs. 
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111 ] . Their treatment of the coherence parameter x as an independent 
variable is misunderstanding. Since the dependence on other quantities is dismissed, the 
value of X is not correctly determined in their calculation of the nucleon mass. In order to 
compare our result with that of the CPA, we calculate the nucleon mass in the CPA, too. 

V. DISCUSSION 

a. Quasi-coherent state and Coherent pair state 

We calculate the nucleon and delta masses. The pion mass and the decay constant are 
fixed to the observed values: m-^ = 140 MeV, fjr = 93 MeV. The free parameters in our 
model are the pion-quark coupling constant G and the sigma mass m„. We choose the 
typical values for G and mg. in order to compare our results directly with those calculated 
by using the CPA 0, |ll | and the hedgehog ansatz 0| . 

Using the parameter set G = 5, rric, = 700 MeV taken from Ref. we find a self- 
consistent solution in our model with the QCS for the pion field. The quark and meson 
fields ('u(r), v{r), (f){r), and (j{r)) are exhibited in Fig. ^ The nucleon mass (Ef^) and the 
delta mass {E2^^) become 1113 MeV and 1248 MeV, respectively. 

When we employ the CPA for the pion field instead of the QCS, we obtain = 1093 



MeV and E^^^ = 1233 MeV. Because we correct some errors in Refs. 



ll| , E'^^^ is larger 



than the value found in these references by about 20 MeV. 

As long as we notice E^^^ > E^^^, the CPA state looks better than the QCS trial 
function in the variation method. However, this difference is only about 2% of the observed 
nucleon mass (940 MeV), and this is also the case for the A mass. Thus we carefully compare 
the QCS with the CPA state. We can expect similarity in the structure between these states. 




FIG. 1: The quark and meson fields for tlie nucleon using the parameter set G = 5, m„ = 700 
MeV. The pion field is described by the QCS. 

As explained in Sec. II, the QCS is extracted from the standard coherent state by using 
the PY projector both for the isospin and the angular momentum. We verify a similarity 
between the CPA state and the QCS by assuming /^(k) = f^C,{k) as before. First we 
consider only the isospin projection in the definition Eq. (jH)), 



|/;T/.z/) = Pj,exp (/ ■ fot) |o) , 



where is defined by 



Making use of the Rayleigh expansion, we rewrite Eq. (jHHj) further as 



(38) 



(39) 



2T + 

This state satisfies the equation 



n!(2n + 2T + 1)! 



b-b\f;Tfiu) = f-fs'y;Tfiu) 



(41) 



where b b = Em(-)''^m^~m and s' = Jd^k^ikf. The QCS is reduced to the CPA state, if 
we put the momentum dependence aside from our consideration. 

Next the angular momentum is projected, and the QCS with T = L = is explicitly 
written as 



|/;00)oc 



|0) 



(42) 
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where 

poo 

bl^ = / dkemaUik) , (43) 

and b'^ = J2i^)^~^"^^'^iJ,m^-ti-m- The QCS (jl^ is no longer the eigenstate of the pion pair 
b ■ b, and is not equivalent to the CPA state for the pion field in the strict sense. 

The first two terms of Eq. ()42|) exactly agree with those of the expanded form of the CPA 
pion state j^. They seem to give the dominant contribution to the nucleon mass in each 
model since f ■ f and (b^ ■ b^^) ~ 1 in our calculation. Furthermore the coherence parameter 



X in Refs. 0, 



ll| corresponds to our / ■ /. This situation is also true for the pion state with 



T = L = 1. Thus the structure of the CPA state, which is intuitively defined in analogy with 
the standard coherent state, can be clearly understood on the basis of the QCS. Indeed, no 
essential difference is exposed between the QCS and the CPA state in our calculation of the 
nucleon mass. 

b. Quasi-coherent state and Hedgehog ansatz 

We take G = 5 and = 1200 MeV from Ref. Q, and obtain E^^^ = 1215 MeV. 
Employing the hedgehog ansatz for the pion field, Fiolhais et al. obtained = 938 MeV 
^, which is lower than our result by about 300 MeV! We will show below that the difference 
between these two models is in a functional form of the pion distribution. 

It is known that the pion field satisfying the hedgehog ansatz is closely related to the 
coherent state P| . The expectation value of the field operator between the standard coherent 
state |n) is written as 

(n|7r,(r)|n) = 2z / ^^UUmUr) , (44) 

Jo yf-KUJ^^k) ^ 

where only the p-wave pion is included as before. If we assume the correlation between the 
coordinate and isovector spaces, f^m{k) = f{k)6^m, Eq- becomes 

dk k"^ 

- 2zY,,{f) / Mkr) Imfik) , (45) 

Jo Wnuj^(k) 



^Tiuj-^iky 

and we obtain (n|7r^(r)|n) = ■jYi^(f)$(r) corresponding to the hedgehog ansatz. 

A difference is in the topological realization for the pion distribution. The hedgehog 
ansatz takes a non-trivial configuration for the coordinate-isospin mapping with the wind- 
ing number 1 in 7r3(S'3) = Z 3|. On the other hand, the pion distribution in our QCS is 
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topologically trivial, i.e. the winding number 0. This mathematical difference in geometrical 
character has significant effect on our physical interpretation of the nucleon structure ob- 
tained in the models. The mass difference should not be taken merely as a matter of choice 
of a trial function in the variational method. 

The above discussion shows that a pure imaginary function may be chosen to the pion 
distribution if the hedgehog ansatz is considered. In our model, however, the pion distri- 
bution takes a simple real form. We can show that our equations are independent of the 
phase of a complex function /^(fe) as far as the baryon masses are considered. Note that 
the expectation value of 7r^(r) for the QCS is not proportional to Im/^^(/c) because of the 
PY projection on the pion coherent state. 

We consider that the 300 MeV-differcncc in the nucleon mass is related with the topo- 
logical problem. This observation leads us to the following interpretation on our solution. 
Insofar as the ground state properties are concerned, we can accept that the hedgehog pion 
may be suitable for the nucleon. The pion distribution in the QCS is topologically distin- 
guished from that in the hedgehog ansatz, and our solution may correspond to the excited 
state of the nucleon. This excitation is caused by the change in the pion configuration, which 
is completely different from the usual mechanism of baryon excitation in a constituent quark 
model. We know that some kinds of the nucleon resonances, such as the Roper resonance, 
are not fully explained by the quark excitation. We need to solve this problem, for exam- 
ple, by introducing new degrees of freedom other than the constituent quarks. The novel 
structure of our solution may be taken as one of the possible mechanisms for the baryon 
excitation. 

VI. SUMMARY AND PERSPECTIVES 

We have calculated the nucleon mass in the linear sigma model describing the pion field 
by using the standard coherent state. The trivial topology is chosen for the pion field, and 
the QCS is constructed by using the PY projection. We can understand the CPA on the 
basis of the QCS. We have also shown that the topological difference between the QCS and 

the hedgehog state is important in the nucleon mass. 

Now we comment on a critical issue in the application of the standard coherent state to the 
baryon physics. As we discussed in this work, the standard coherent state is suitable for the 
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comprehensive studies of the static pion field in a baryon. As for the excited baryons, the pion 
spatial excitation must be taken into account in addition to the quark excitation, which is not 
a serious problem when the ground state properties are considered. In the nonlinear theory 
of scalar particles, we usually quantize the fluctuation around the static fleld with minimum 
energy. However, the isospin symmetry makes this quantization procedure signiflcantly 
difficult for the standard coherent state. Although the projection method is often employed 
before proceeding to the spatial quantization, this approach does not actually work because 
the excitation energy found in this projection is on the same order of the spatial excitation 
energy [3, Q • 

We are now seeking for the general method of constructing a pion state without relying 
on the standard coherent state in the nonlinear problem. Generalization of the coherent 
..e based o. the ^ou, tKeo,v ,„ay be a pc.b.e Cue to tacU.e th. p.ob.e. Q. 



APPENDIX 

The explicit forms of = a,/?, 7 and k = 0,1,2,3) in the energy densities are 

exhibited. For ni 



''k ' 



Tin 



n 



dgdhF{g,h) 



Y^h'fl dgdhDUh)Dl,^{g)F{g,h) 



A'A 



n^^ = f ■ f + n1 
4 



-if-fY 



7nr + 2 I dgdhD'Uh)F{g,h) 
4 



72 

+ y / ■ fnT 



X'Xt't ^ 



Dl,,{g)Dl,MF{9,h) 



(A.l) 
(A.2) 
(A.3) 



(A.4) 



where s and F{g,h) are defined in the text. 

We can obtain nf^ = n]7 by inserting 1/9 x DQQ{h)DQQ{g) in n^". For example. 



n: 



/3/3 



- ldgdhDUh)DU9)F{g,h) . 



(A.5) 



Equations ()A.1|) and ()A.5|) are the norms of the QCS |/; 00) and |/; 11), respectively. 
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In the off-diagonal densities, rf^ 



— rf^ ^ and 
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1 




(A.6) 
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